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RESUMEN 
Este artículo estudia el impacto que la provisión pública de educación tiene en la distribución 
de la renta, en un contexto donde los padres son altruistas hacia los hijos. Cada hijo recibe 
dos transferencias, una en la forma de capital humano o educación y la otra en forma de 
capital o transferencia entre-vivos. Bajo distintos sistemas de educación los padres deciden 
las transferencias entre-vivos para compensar la baja realización de la habilidad innata de 
los hijos que a pesar de la transferencia en educación le proporcionará un bajo nivel de 
ingresos por trabajo. Las cuestiones que surgen son, primero hasta que punto las 
transferencias compensadoras de habilidad son mecanismos importantes en la reducción de 
la desigualdad, y segundo,  como afecta la provisión pública de educación a este mecanismo.  
Se demuestra que la política de educación pública financiada con impuestos puede tener 
efectos inesperados en el mecanismo compensatorio, es decir, en las diferencias de renta. 
Sobretodo es importante ver en que fracción de población se observa este efecto, que es 
justo en los percentiles bajos de la distribución, que en principio es el objetivo de las políticas 
de educación. También se exploran alternativas a la financiación de la educación para 
preservarlo como bien público y evitar ese efecto negativo. 
 
 





This paper studies the impact of public provision of education on the distribution of income in 
a framework where parents are altruistic toward children. Any child receives two transfers, 
one as a non-human transfer and the other as a human capital transfer. Under different 
education regimes, non-human transfers offset the low realization of innate ability, which 
despite the human capital transfer implies a low level of earnings. Then the questions that 
will arise are, first, to what extent skill-compensating investments are important as ex-ante 
income inequality reduction mechanisms in the private provision system, and secondly, how 
public education can affect this reduction mechanism. I show that tax policy may have 
unexpected effects on the compensatory effect, that is, on the income gap. The result is that 
the distribution of income induced by the public provision system is not more equally 
distributed. Moreover, the fraction of population that does not improve is just at the bottom 
of the income distribution. I also explore some possibilities to avoid this negative effect and 
preserve public education as an essential public service. 
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 1I n t r o d u c t i o n
The e⁄ects of the educational system in the distribution of income have
received a great deal of attention among economists. Since most studies
have considered economies with non-altruistic agents or altruistic agents via
human capital transfers, the e⁄ects of di⁄erent educational systems in the
distribution of income, when parents are altruistic not only via human cap-
ital, but also via non-human capital transfers, have been mostly neglected.
This seems an important omission since (i) there is substantial evidence that
intergenerational transfers are crucial for understanding income distribution
in the US economy and are important for the amount they represent (see the
papers by Kotlikof et al.); (ii) parents appear to be equity seekers with regard
to their children. This seems at odds with the idea that parents could provide
for children with limited human capital potential by simply transferring more
￿nancial wealth to them to compensate for the de￿cit. Then the questions
that will arise are, ￿rst, to what extent skill-compensating investments are
important as ex ante income inequality reduction mechanisms, and second,
how public education can a⁄ect this reduction mechanism.
To answer these questions this study develops a model where individuals
are altruistic and decide di⁄erent altruistic transfers, a model that enables us
to study distributional issues analytically. Individuals￿ lives can be divided
in three periods and they will work only during the second period. When
individuals are young, they receive the realization of the idiosyncratic shock,
included in the form of innate ability, as well as the human capital and
non-human capital transfers which are decided under certainty about the
realization of the shock. There will be two di⁄erent scenarios, one without
public intervention in which parents decide both altruistic transfers and the
other one in which the central authority provides the education and parents
decide only the non-human capital transfer.
We characterize the stationary distribution of income and study how this
distribution changes with the change in the educational system. In this
economy, the bequest motive is operative for altruistic agents depending on
the parents￿ level of income and the realization of their children￿s innate
ability. If the bequest motive is operative, parents will decide the transfer
to compensate the level of earnings when the realization of innate ability is
low and to enhance these earnings when the innate ability is low. If either
the innate ability is high or their income is low enough, this motive is not
2operative. This implies that there are two types of parents, the ones who leave
non-human capital and the ones who do not. Therefore, the compensation
hypothesis does not hold for all agents. We will explore the e⁄ect of going
from private provision of education to public provision of education and also
the e⁄ect of a reform in the public provision of education, in the sense of
providing a higher amount of education ￿nanced with higher taxes. The
i m po r t a n tpo i n t ,i nbo t hc a s e s ,i st h a tt h e r ee x i s t saf r a c t i o no ft h epo p u l a t i o n
who compensates their children￿s low ability, as they are not able to do so
under neither the change of system nor the increase on taxes. This fraction
of population consists of people whose incomes are low enough and whose
children are endowed with low innate ability. That means there is an increase
of the income gap, given the innate ability, between children born in families
that can leave non-human capital transfers under public education systems
and children born in families that are not able to compensate. This type of
families coexists with households that only consider human-capital transfers,
that, given innate ability, can also be a⁄ected since they will receive less
human capital under public than under private. However the reform of the
system reduce the fraction of these parents that are worse o⁄.
Among the papers analyzing the impact of public provision of education
on the distribution of income only composed by labour earnings, we mention
Loury (1981), Glomm and Ravikumar (1992), Eckstein and Zilcha (1994)
and Zilcha (1996). Loury (1981) presents a theoretical framework to model
the e⁄ect of parental income on o⁄springs￿s productivity. He constructs an
economy in which parents are altruistic toward children and care about their
well-being. Each family divides its income between consumption and training
of the o⁄spring. Children￿s abilities are randomly assigned and are unknown
when decisions are taken. There is no possibility to ensure against these
shocks. This situation is compared with a situation in which there is a
central authority that provides training on an equal basis to every young
person, ￿nanced by taxes on income. Public provision of training is shown
under some conditions to increase output and reduce inequality.
Glomm and Ravikumar (1992), consider a model in which each agent￿s
stock of human capital depends on the parents￿s stock of human capital, time
spent in school and the quality of schools. In the private education regime,
individuals allocate their income between the quality of education passed
on to the o⁄spring and their own consumption. Under a public education
regime a government levies taxes on the income of the elderly and uses tax
3revenues to provide free public education. They ￿nd that income inequality
declines faster under public education than under private education. Eckstein
and Zilcha [5] consider an economy where parents￿ preferences depend on
their child￿s level of education or human capital, but are independent of
the child￿s income or utility. They compare the dynamic allocation without
intervention with a model where compulsory elementary schooling is ￿nanced
by a proportional tax on wage income. They show that a certain minimum
level of compulsory schooling, increases the aggregate output and reduces
inequality in income distribution.
Zilcha (1996) considers a similar model to the one developed in this study,
with two di⁄erent transfers: education and bequests. But in Zilcha￿s paper
the role of each transfer is analyzed separately. He shows that the intensity
of each type of transfers plays an important role on the income distribution.
He concludes that when altruism is more ￿eduction-inclined￿ the intragen-
erational income distributions are more equal for some parameters of the
production function. He also shows that when altruism is more ￿bequests-
inclined￿ the impact on the intragenerational distributions of income depends
on the size of the elasticity of substitution. Public provision of education ￿-
nanced by income taxes reverses the results of the case of altruism more
￿bequest-inclined￿.
Among the papers analyzing the impact of ￿scal policies or intragenera-
tional redistributive policies on wealth and income distribution, we mention
the ones of Bevan and Stiglitz (1979), Becker and Tomes (1979), and Davies
(1986). The usual policy that is analyzed in presence of non-human capital
transfers is the social security system, Karni and Zilcha (1989) for instance
examine the e⁄ects of social security on income distribution. They empha-
size the fact that, due to general equilibrium e⁄ects, social security induces
a decrease of the return of labor relative to the return of capital. This e⁄ect
leads to an increase of income inequality in their model because the only
source of heterogeneity is an exogenous distribution of bequests (or initial
capital). In a related study CaballØ and Fuster (2003) consider the impact of
PAYG social security on the distribution of bequests when these are altruis-
tically motivated. They ￿nd that such an impact could be ambiguous in the
long run when the bequest motive is operative which is no longer viewed as
exogenous.
Since in most countries public education is considered an essential public
service, the centralized economy is analyzed in order to look for a possible
4way of ￿nancing the public education in order to avoid the previous result.
A central planner decides on both transfers in such a way that, indepen-
dently of the innate ability, every individual has the same total amount of
transfers. In the steady state, the planner allocates education in such a way
that individuals born with high innate ability receive a higher transfer on
education, whereas individuals with lower abilities are compensated with a
positive amount of bequests. The planner establishes a tax for individuals
with higher levels of ability in the form of negative bequests.
In Section II, the economy is described. In Section III we present two dif-
ferent education regimens, private and public provision of education. Then
we characterize the dynamics of the non-human capital transfers, starting
with some properties of the optimal solutions. Finally we analyze the in-
variant distribution under both systems of education. Section IV contains a
comparison of the di⁄erent scenarios in the sense of inequality of invariant
distributions generated in each of them. The analysis of the central planner
solution is discussed in Section V. Section VI concludes.
2A M o d e l
Let us consider an overlapping generations economy with three periods. In
the middle period of life, each individual (a parent) gives birth to another (a
child) so that the population remains constant over time. Agents within a
generation di⁄er in their innate ability. In the ￿rst period of life, each young
individual receives two types of intergenerational transfers (human capital
and non-human capital transfers) and the realization of the idiosyncratic
shock. The idiosyncratic shock, represented by innate ability will determine
the labour endowment, measured in terms of e¢ciency units. Individuals
are economically active during the working period which is followed by the
retirement period. There exists an altruistic behavior of parents, that is,
a parent derives utility from own consumption and from the child￿s total
income. These preferences explain the motivation of parental e⁄orts in en-
hancing human capital and non-human capital of their own child. When a
parent makes his decisions he does know the realization of the o⁄spring￿s
ability. The inclusion of uncertainty when deciding the level of education
does not change the results.
The young agent￿s labour endowment or human capital, measured in
5terms of units of e¢ciency, is denoted by ! = "(#$%),w h e r e# expresses
the level of education that the agent receives, whereas % is the realization
of the innate ability. The e¢ciency function "(&) is assumed to be continu-
ously di⁄erentiable, strictly increasing and strictly concave in # and strictly
increasing in %,s a t i s f y i n g"(#$0) • # and "(0$&)=0 .T h e r e a l s o e x i s t s a




Each individual supplies inelastically these e¢ciency units of labour in
the ￿working period￿. The innate economic ability, % 2 [0$1] , is distributed
identically and independently across agents and across time, with cumulative
distribution function ⁄.
We will assume that the economy under consideration is small open one,
with perfect capital mobility and no labor mobility. This means that the
interest rate is constant and equal to its international level. Let *(0 be
the constant one-period gross rate of return on savings. The technology of
this economy is represented by a production function with two inputs: labor
and capital. Such a production function is strictly increasing, concave and
exhibits constant returns to scale. Both capital and labor markets are hired
in perfectly competitive markets so that the rental prices of both inputs co-
incide with their respective marginal productivities. Therefore, given a ￿xed
international interest rate, the capital-labor ratio is constant and, thus, the
marginal productivity of labor is also constant. Such a marginal productivity
of labor is in turn equal to the real wage, +, in equilibrium.
All individuals are born with the same preferences, that is, a parent ob-
tains utility for own consumption and his altruistic behaviour is re￿ected
by the fact that the child￿s total income a⁄ects his utility2. The utility an
individual derives from his own consumption and his child￿s income in each
period is represented by an utility function
,(-1$- 2$+!+ .)
1This means that there exists a level of education „ ! so that "(„ !#1) = „ ! and for every
level of education !$„ ! then "(!#1) % „ !. This allows us to restrict education to the
interval [0#„ !]. This assumption is taken from Loury (1981). An example of e¢ciency
function satisfying this assumption is "(!#&)=( !&)
1
2.
2Models proposed by Abel (1985), Laitner (1992), the income of the child and not the
utility of the child is the argument of parent￿s utility function. However in other models,
as in Barro (1974), Caballe (1995) and Fuster (1995), altruism is modelled assuming that
the child￿s utility a⁄ects the parent￿s utility.
6where (-1$- 2) is his own consumption during two periods of his life, and the
child￿s income is composed of earnings from human capital and non-human
transfer, (+!+ .), where human capital of o⁄spring, !,i sd e t e r m i n e db y
education and a random process of ability. The utility function is assumed
to be bounded and twice continuously di⁄erentiable with ,0 ( 0; ,00 ) 0 and
to satisfy the Inada conditions lim
&!0
,0 (-)=1 and lim
&!1
,0 (-)=0 .
3 Two di⁄erent education regimes
We will consider two di⁄erent scenarios in this framework, one in which there
is no central authority providing education and parents will therefore provide
the two altruistic transfers we described above. When the central authority
provides education ￿nancing its costs through taxes, parents will only decide
the non-human capital transfers. The reason for excluding the opportunity
of coexisting private provision and public provision is to compare the e⁄ect
in the distribution of income in extreme education regimes.
As in related literature, in this model taxes are proportionally charged on
the individual￿s total income. We will show that the results will hold even
if the tax system is progressive. By public education we mean the public
provision of training on an equal basis to every young person in the economy,
where the per-capita budget is equal to the expenditure of the average family
in the non-intervention economy.
The subsection is organized as follows. First, we de￿ne the problem that
a parent would solve under each of the education regimes. Secondly, we
characterize the dynamics of the non-human capital transfers, starting with
some properties of the optimal solutions. Then we analyze the invariant
distribution under both systems of education.
3.1 Private provision of education
A worker distributes his earnings from labour and non-human transfer among
consumption, education for his child (or investment in human capital) and
savings. So the budget constraint of a worker is:
-1 + #
0 + / • +"(#$%)+. (1)
7where +"(#$%) stands for labour earnings, . are the bequests left by previous
generations, -1 is the consumption in period 0, #0 is the amount invested in
education and / is saving or borrowing. When the individual is old the
return to savings is distributed between consumption and bequest. Thus,
the budget constraint in the retirement period of the agent is:
-2 + .
0 • */ (2)
where -2 is the consumption in the last period of life and .0 is the amount
left to children.
We also have the non-negativity constraint in bequests: .0 ‚ 0.T h i s
constraint, very often used in literature, is institutional, since parents cannot
force their children to give them gifts when parents are old as a payment for
their investment in education or to repay parents￿ debts. Using equation (2),
it implies that savings cannot be negative, that is, / ‚ 0.
Assume intergenerational and intertemporal additive separability of the
utility function, and denote where 1 2 (0$1) as the inter-temporal discount
factor, 2 the altruism factor. Given factor prices (*$+), each individual at
0 chooses the levels of savings, /, bequest transfers .0 and investment in his






/&0 -1 + #0 + / • 3
-2 + .0 • */
!0 = " (#0$% 0)
.0 ‚ 0
Optimal solutions for transfers and savings will depend on parent￿s income,
the realization of innate ability and factor prices, that is, for example, the
non-human capital transfer is a function .0 (3$%0;*$+). To simplify the nota-
tion, we drop the arguments of the optimal solutions in the following analysis.
























with equality if .0 ( 0. We will comment the implication of the inequality
in the ￿rst order condition in the following subsection in much more detail.
Combing conditions (5) and (6) we obtain that when a parent chooses a
positive amount of non-human capital, then the return of this transfer is







The implications of these ￿rst order conditions and equation (7) will be
analyzed in the following subsection.
3.2 Public provision of education
One of the main di⁄erences with reference to the previous situation is that
the level of education is not decided by the parent. Given factor prices, the
problem an individual faces is to choose a level of savings, ~ /0,a n dal e v e lo f









/&0 ~ -1 +~ / • (1 ¡ 4)~ 3
~ -2 +~ .0 • ~ *~ /
~ !0 = " („ #$%0)
~ .0 ‚ 0
where „ # is the level of education provided by the central authority and 4
the tax rate to be paid. The non-negativity constraint on bequests, and
therefore the threshold level of income, still hold for this scenario. Given
factor prices and the level of tax rate, optimal solutions will depend again
on the level of the parent￿s income, and their realization of innate ability.






which includes the level of education, level of bequests and the realization
3The notation for the rest of variables will be as in the previous section, but with (~).
9of innate ability. The ￿rst order conditions of the maximization problem (8)
with respect to savings
,
0(~ -1)=1,
0 (~ -2) ~ *,( 9 )
and with respect to the non-human transfer
1,




with equality if ~ .0 ( 0. Note that in this situation, there is no comparison
between the returns of the two transfers the child receives.
There is a government that provides public education. By public edu-
cation we mean the public provision of training on an equal basis to every
young person in the economy, where the per-capita budget is equal to the
expenditure of the average family in the non-intervention economy. In the
working period agents contribute to the system paying a proportional tax 4.
The revenues from taxing incomes ￿nance the total cost of education received
by agents in the ￿rst period of life.
3.3 The Dynamics of Non-Human Capital transfer within
aD y n a s t y
In this subsection we provide properties of the function of non-human capital
which hold under both education systems, as well as properties of the rest of
optimal solutions of the individual￿s problem under both systems.
Under private provision, properties of optimal solutions are obtained from
￿rst-order conditions. The non-negativity constraint on non-human capital
transfer implies Proposition (1). The intuition behind this proposition is as
follows: given the ability of the child returns from education decrease in the
amount of resources invested, since human capital is a concave function while
the return on bequests is constant. Therefore, given the innate ability of the
child there exists an optimal level of resources, i.e. parent￿s income, devoted
to education that equalizes the returns of the two investment alternatives.
A parent with resources below that threshold can only transfer resources to
his child through education. On the other hand, a parent with resources
above the cut-o⁄ level invests in education up to the optimal level and then
transfers the remaining resources to his child as bequests. The implication
of this proposition is that there are two types of parents, one which leaves
non-human capital transfers and the other kind of parent which doesn￿t.
10The rest of properties of the optimal solutions are shown in Proposition
(2). The implication of these two propositions is that there exists a compen-
sation e⁄ect that works that works the following way: if a parent decides a
positive amount of both transfers, given the level of the parent￿s income, the
higher his child￿s innate ability is, the larger the human capital transfer and
the lower non-human capital transfer are. However, in the case of parents
leaving only human capital transfers, it will be larger whenever the level of
income is higher.
Proposition 1 . Under private provision of education, given factor prices
(*$+), there exists a level of income ^ 3) (%0) such that, in each period the





0 if 3 • ^ 3 (%0)
.0(3$%0) if 3(^ 3 (%0)
where ^ 3 (%0) is a cut-o⁄ level of resources strictly increasing in %0.
Pr o o f .See Appendix.
Proposition 2 .( i ) G i v e n f a c t o r p r i c e s (*$+), policy function #(&$%) is
non-decreasing and strictly increasing when . =0 ; policy function /(&$%) is
strictly increasing; and policy function .(&$%) is non-decreasing and strictly
increasing when .(0.
(ii) Given factor prices (*$+), policy function #(3$&) is non-decreasing and
strictly increasing when . =0 ; policy function /(3$&) is strictly decreasing;
and policy function .(3$&) is non-increasing and strictly increasing when .0 (
0.
Pr o o f .See Appendix..
Under public provision of education, the implication of the non-negativity
constraint on bequests is also the existence of two types of parents. It is also
possible to show that there also exists a cut-o⁄ value to parents￿ income,
such that agents, whose income is below this level, do not leave bequests,
Proposition (3). Properties of optimal solutions can be obtained from ￿rst-
order conditions, Proposition (4). The intuition now is slightly di⁄erent.
Given the ability of the child, returns from bequests are compared with
11consumption when old. In terms of utility, when returns of consumption are
greater than returns of bequests, parents do not leave bequests.
The implication of these propositions is that there still exists a compen-
sation e⁄ect, but it is smaller whenever the tax rate is higher.
Proposition 3 . Under public provision of education, given prices, there
exists a level of income • 3 (%0$4) such that, given factor prices, in each period





0 if ~ 3 • • 3 (%0$4)
~ .0 (~ 3$%0$4) if ~ 3(• 3(%0$4)
where • 30 (%0$4) is a cut-o⁄ level of resources increasing in %0 and decreasing
with 4.
Pr o o f .See Appendix.
Proposition 4 . Policy function ~ /0 (&$%0$4) is a strictly increasing function;
policy function ~ .0 (&$%0$4) is a non-decreasing function and strictly increasing
when ~ .0 ( 0. (ii) Policy function ~ /0 (~ 3$&$4) is a non-decreasing function and
strictly increasing function when ~ .0 ( 0.; policy function ~ .0 (~ 3$&$4) is a non-
increasing function and strictly decreasing when ~ .0 ( 0. (iii) Policy function
~ /0 (~ 3$%0$&) is a strictly decreasing function; policy function ~ .0 (~ 3$%0$&) is a
non-increasing function and strictly decreasing when ~ .0 ( 0.
Pr o o f .See into Appendix.
We can illustrate the previous results with the following example:
Example. Assume that the utility function is logarithmic and the e¢ciency
function is Cobb-Douglas
,(6)=l n( 6) "(#$%)=( #%)
1
2
In this case, after some algebra, the explicit optimal solutions can be cal-
culated, see Appendix. Also, given factor prices, the threshold level that
12determines whether a parent leaves the non-human capital transfer or not is













Figures 1-4 represents all the statements discussed below.
3.4 The Distribution of Income
Under both education systems the optimal policies of intergenerational trans-
fers and the idiosyncratic shock of innate ability de￿ne a law of motion of
income in a dynasty. At the beginning of his life an individual receives a
human capital transfer (either from parents or from a central authority) and
a non-human capital transfer. Given prices (*$+), these two transfers and
the realization of innate ability determine the individual￿s level of income,
which can be represented by the state vector 5 =( #$.$%) 2 *3
+.L e t7 be
the set of individual states, and 8 : 7 ! [0$1] denotes the distribution of
individual states across agents. Recall that the distribution of innate ability
has been assumed to be independent of time and agents. So let (7$9(7))
be a measurable space, where 7 =[ 0 $1) £ [0$1) £ [0$1] is the state space
and 9(7) is the Borel :-algebra on 7.
Given an individual state 5 and prices (*$+), we de￿ne the transition
probability function '(*"+) : 7£9(7) ! [0$1] associated to agents￿ Markov
process. Intuitively, '(*"+) (5$;) is the probability that an agent with state
5 will have an individual state vector lying in ; next period, given (*$+).
A probability measure 8(*"+) 2 <(7) de￿ned on subsets of the state space
is a natural way of describing the distribution of states across individuals at
period 0, for any (*$+).G i v e n 8,"(*"+) 2 <(7) de￿ned on (7$9(7)) we




From now on, in order to simplify the notation, we drop out the subindex
of factor prices in the distribution function. The de￿nition of an invariant
13distribution is a measure 8⁄, consistent with individual policy functions and
is the ￿xed point of equation (11).
Proposition (5) shows that at the stationary distribution, there exists a
fraction of parents that do not leave a transfer of non-human capital. This is
important to ensure that there are some parents trying to compensate with
bequests and others who do not. It also implies that the distribution of non-
human capital transfers is not degenerated. Following Theorem 11.12 and
Condition M in Stokey et al. (1989), Proposition (6) shows the uniqueness
and existence of an invariant distribution of states, given factor prices4.
Proposition 5 .There exists a set of states „ ; in which the Euler equation
holds with strictly inequality. Furthermore it has non-null invariant measure,
that is 8⁄( „ ;)=
R
'(5$ „ ;)=8⁄ ( 0.
Pr o o f .See Appendix.
Proposition 6 .There is a unique stationary distribution 8⁄ for process '
on the measurable space (7$9(7)) such that for any initial measure 8, the
sequence of functions described in equation (11) satis￿es
lim
)!1j8) (;) ¡ 8
⁄
) (;)j =0 for all ; 2 9(7)
and the convergence is uniform for all sets in 9(7).
Pr o o f .See Appendix.
Equivalently to private provision of education, denote ~ 7 as the set of
individual states in the public provision regime, B( ~ 7) as the Borel sets, ~ '
as the probability transition function, and ~ 8 : ~ 7 ! [0$1] as the distribution
of individual states across agents. Again in this case we characterize the
stationary distribution of states, to be compared with the one under private
4The distribution of income across time of a given dynasty coincides with the distrib-
ution of transfer at a point in time across young individuals of di⁄erent dynasties. Since
shocks are identically and independently distributed across individuals and time, all dy-
nasties have the same distribution of transfers along time. Since there is a large number of
dynasties at any period, the distribution of transfers along time of a representative dynasty
coincides with the distribution of transfers at a point in time across young individuals that
belong to di⁄erent dynasties.
14provision. Before that, we present the condition to ensure a balanced gov-









As in the previous education system, at the stationary distribution there
is a fraction of parents that do not leave a non-human capital transfer, Propo-
sition (7). Following the same reasoning as in private provision of education,
Proposition (8) shows the uniqueness and existence of an invariant distribu-
tion of states, given factor prices.
Proposition 7 . There exists a set of states ~ ; in which the Euler equation
holds with strictly inequality. Furthermore it has non-null invariant measure,
that is ~ 8⁄( ~ ;)=
R ~ '(~ 5$ ~ ;)=~ 8⁄ ( 0.
Pr o o f .See Appendix.
Proposition 8 . There is a unique stationary distribution ~ 8⁄ for process ~ '
o nt h em e a s u r a b l es p a c e( ~ 7$9( ~ 7)) such that for any initial measure ~ 8, the
sequence of probability measures ~ 8)+1( ~ ;)=
















ﬂ =0 for all ~ ; 2 9( ~ 7)
and the convergence is uniform for all sets in 9( ~ 7).
Pr o o f .See Appendix.
Continuing with the example, we will obtain the conditions under which
the set of states is bounded. Note that this is one of the conditions to ensure
the existence of the invariant distribution. In both cases there exists restric-
tions on prices to ensure the boundeness of the support of the distribution.
Lemma 9 Under private provision of education, denote ^ 3 as the threshold
level of income for the highest innate ability and 3⁄ the maximum level of
income if it exists. (i) If *)+1 ‚
2-.
2(1+.)+-. the support of income is bounded
[0$3⁄] and 3⁄ • ^ 3. (ii) If
-.
.+1+-. )* )+1 )
2-.
2(1+.)+-. the support of income
is bounded [0$3 ⁄] and 3⁄ ( ^ 3. (iii) If *)+1 )
-.
.+1+-. the support of income is
not bounded.
15Lemma 10 Under public provision of education, denote • 3 as the threshold
level of income for the highest innate ability and ~ 3⁄ the maximum level of
income if it exists. (i) If *)+1 •
(1+.)
(1¡/)-. the support of income is bounded
[0$ ~ 3⁄] and ~ 3⁄ • • 3) (%)+1$4). (ii) If
(1+.)
(1¡/)-. )* )+1 )
(1+.+-.)
(1¡/)-. the support of
income is bounded [0$ ~ 3⁄] and ~ 3⁄ ( • 3) (%)+1$4). (iii) If *)+1 (
(1+.)
(1¡/)-. the
support of income is not bounded.
4 Inequality and Public provision of educa-
tion
In this section we will explore the e⁄ect of going from one system to the
other and the e⁄ect of a reform in the public provision of education in the
sense of providing a higher amount of education ￿nanced with higher taxes
to be paid. In order to compare these e⁄ects, it is necessary to de￿ne income
inequality measurement. The criteria for comparing two distributions, will
be second-order stochastic dominance, de￿ned as follows:
De￿nition 1 7 dominates > (SOSD) if
R ’!
0 [?1(/) ¡ ?2(/)]=/ • 0 for all
/ 2 [@$.] and ?1(/3) 6= ?2(/3) for some /3.
Following Zilcha [15], an equivalent income inequality measurement is
obtained as follows. Let 7 and > be two random variables with values in
a bounded interval and denote A4 and A5 their respective means. De￿ne
the variables ^ 7 = 4
6" and ^ > = 5
6# , and denote the respective cumulative
distribution functions ?1 and ?2.L e t[@$.] be the smallest interval containing
the supports of ^ 7 and ^ > .
De￿nition 2 ?1 is more equal than ?2 if for all 0 2 [@$.] then
R )
0 [?1(/) ¡ ?2(/)]=/ •
0 for all / 2 [@$.].
This is equivalent to the requirement that the Lorenz curve corresponding
to 7 is everywhere above that of > .H e n c e f o r t ht h er e l a t i o n7 is more equal
than > if the cumulative distribution function of ^ 7 and ^ > satis￿es this
de￿nition. It is denoted 7( (>,a n dt h a t7 is equivalent to > is denoted
by 7 … > . This criterion is also used in Zilcha (1996) and Eckstein and
Zilcha (1994) to compare di⁄erent types of education as pointed out in the
introduction.
16The results we can prove are the following: the change of education regime
does generate a distribution that is not more equally distributed. The idea
is that there is a fraction of population at the bottom of the distribution,
that cannot compensate the low innate ability of their children when they
have to pay the taxes to ￿nance public education. Moreover, if the tax rate
increases, then this fraction of population is even larger. This fraction of
population which is worse-o⁄ corresponds to individuals with low income
whose children are endowed with low innate ability. Note also that such a
fraction of population is, in principle, the aim of a educational policy. Note
also that if the tax system is progressive it cannot avoid this e⁄ect, since it
happens at the bottom of the distribution.
Proposition 11 At any point in time, given prices, the change of educa-
tion regime from private to public education does not generate a more equal
distributed income.
Pr o o f .See Appendix.
Proposition 12 At any point in time, given prices, the reform of the public
education regime, that is the increase on the tax rate, does not generate a
more equal distributed income.
Pr o o f .See Appendix.
5 The E¢cient Allocation
In previous sections the simulation of the model under both education sys-
tems reveals that public education decreases the compensatory e⁄ect of non-
human capital transfers, leading to a distribution of income that isn￿t egal-
itarian any more. In this section, the central planner allocation is de￿ned
to look for a tax scheme that generates a more equally distributed income.
The motivation is to preserve public education, since in most countries it is
considered to be an essential public service.
In each period 0 a planner decides on the aggregate consumption for
individuals of di⁄erent generations, and devotes resources to two types of
transfers for young people: education and bequests. The planner makes the
17decisions knowing the proportion for each type of individual in the economy
during each period. This proportion does not change over time. He obtains
utility from aggregate consumption and the individuals￿ total level of trans-
fers5. The utility function is the sum of the utilities of the young individuals6
and it is assumed to be increasing, concave and additively separable.
The planner also carries out the production in this economy, using aggre-
gate capital and labour. Labour is the sum of the individuals￿ human capital,
and capital is determined by aggregate bequests. Taking all these facts into
account, and denoting 1 the intertemporal discount factor, and 2 the altru-
ism factor, the planner will choose the aggregate consumption and transfers n
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given C0 and D0
The notion of social equilibrium in this framework is therefore provided in the
following de￿nition. For the stationary equilibrium the de￿nition is straight-
forward.
De￿nition 3 Given capital stock C0 and labour D0, a social equilibrium is
characterized by fB1)$B 2)¡1$f.) (%3"))$# ) (%3"))g
7
3=1g1
)=0 such that these func-
tions are optimal decision rules for the problem (??).
Optimal solutions for transfers, obtained from the ￿rst-order conditions,
will depend on innate ability and production function, !)+1 (%3")+1$?(&)) and
.)+1 (%3")+1$?(&)). The optimal amount of each transfer makes the marginal
utility equal to the net marginal productivity, that is the di⁄erence of mar-
ginal productivity minus the cost of providing the transfer, measured in terms
5The choice of this source of utility, which is the total amount of transfers, and its
implicatoins will be explained later on in Section VI.
6The initial old generation is not considered.
18of production. The ￿rst order conditions for transfers evaluated at the sta-
tionary path are the following
12,
0 (+!(%3)+.(%3))+"
0 (#(%3)$% 3)=E(1 ¡ ?2 (C$D)"
0 (#(%3)$% 3))
12,
0(+!(%3)+.(%3)) = E(1 ¡ ?1 (C$D))
The next proposition characterize the policy functions for transfers at the
stationary solution of the planner7. First, the planner allocates the resources
so that each individual in the economy receives the same amount of income,
independently of his innate ability. The reason is that each unit of bequests
has the same marginal productivity and cost, regardless of the individual who
receives it. It therefore has to provide the same level of marginal utility. This
result implies that individuals with less human capital receive more bequests.
All the statements are independent of the proportion of each di⁄erent ability
in the population.
Secondly, the allocation of each transfers is decided by the planner in such
a way that an individual with a low ability receives less education and more
bequests. This is because the level education has to be allocated to equate
the marginal increase of human capital of an individual8. Low innate ability
and less education leads to less income from human capital. To make total
transfers equal for everyone, the planner assigns more resources as bequests to
less able individuals. The reasoning for highly able individuals is equivalence.
Proposition 13 . At stationary solution, given two di⁄erent levels of innate
ability, %3 6= %8,t h e n( i )+!(%3)+.(%3)=+!(%8)+.(%8) and (ii) if %3 )% 8
then #(%3) )#(%8) and (iii) .(%3) (.(%8).
Pr o o f .See Appendix.
6 Conclusions
This paper models the dynamics of the distribution of wealth in a general
equilibrium framework. I consider an Overlapping generations model with
altruistic preferences with a continuum of agents. An idiosyncratic shock
is included in the way of innate ability. Each parent decides on two kinds
7These conclusions can also be obtained from each period ￿rst order conditions.
8That is, the returns on these two ￿assets￿ are equal.
19of intergenerational transfers: education and bequests. There is a borrow-
ing constraint over bequests. The approach is also applied with a central
authority that provides education.
The literature on the matter presents models in which public education
reduces inequality of income when only transfers on education are made. In
this study, a social planner generates an equally distributed income, since
taxes are levied only on people with high abilities. In a decentralized econ-
omy, there is an invariant distribution in which more able individuals receive
education and less able individuals receive bequests. Taxes are levied on
the entire population. Therefore, although income distribution is more equal
under public education, children with lower abilities and poorer parents are
worse o⁄ in terms of inequality. Such a system determines a ranking of in-
comes that is based on merit. In other words, more able individuals receive
more transfers, then have higher income even with a public education system.
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228 Appendix
Proposition 1. Under private provision of education, given factor prices
(*$+), there exists a level of income ^ 3) (%0) s u c ht h a t ,i ne a c hp e r i o dt h e





0 if 3 • ^ 3 (%0)
.0 (3$%0) if 3(^ 3 (%0)
where ^ 3(%0) is a cut-o⁄ level of resources strictly increasing in %0.
















Notice that ^ 3 (%0) ( 0 because of #0 (&$%0) is increasing and "1(#0 (&$%0)$% 0) is







Next step is to prove that .0 (3$%0)=0for 3 2 [0$ ^ 3 (%0)]. Proceeding by





































where the ￿rst equality is the ￿rst order condition (4), while the second is
the ￿rst order condition (5) and the inequality is due to expression (A.3).
According to the ￿rst order condition (6) the expression above implies that
.0 (3$%0)=0 , and this is the desired contradiction.












































23where the ￿rst equality is the ￿rsts order condition (5), while the second is
the ￿rst order condition (4), the inequality is the ￿rst order condition (6)













and by concavity of the e¢ciency function, 3)^ 3(%0) the desired contradic-
tion. Also consider %0
3 (% 0
8,t h e ns i n c e"12 ( 0,t h e n^ 3(%0
3) ( ^ 3)(%0
8)& Q.E.D.
Proposition 2 (i) Given factor prices (*$+), policy function #0 (&$%0) is non-
decreasing and strictly increasing when .0 =0 ; policy function /)+1 (&$%0) is
strictly increasing; and policy function .0 (&$%0) is non-decreasing and strictly
increasing when .0 ( 0.
(ii) Given factor prices (*$+),p olicy function #0 (3$&) is non-decreasing and
strictly increasing when .0 =0 ; policy function /0 (3$&) is strictly decreasing;
and policy function .0 (30$&) is non-increasing and strictly increasing when
.0 ( 0.
Pr o o f .Di⁄erentiating of the ￿rst order conditions, (4), (5) and (6), eval-
uated in the case of optimal interior optimal solution of non-human transfer,






















where (the time subscripts have been dropped for simplicity and denote 30































00 (-1)) + =*(¡1,
0 (-2)+1*/,
00 (-2)) + =%(0) + =+(0)
K = =3(,



















































Di⁄erentiating of the ￿rst order conditions, evaluated in the case of optimal





























J = =3 (,
00 (-1))=*(¡1,
0 (-2)+1*/,
00 (-2)) + =%(0) + =+(0)
? = =3 (,




























Proposition 3. There exists a level of income • 3) (4$%)+1) such that, given




0 if ~ 3) • • 3) (4$%0)
~ .0 (~ 3)$4$% 0) if ~ 3) ( • 3) (4$%0)
where • 3) (4$%0) is a cut-o⁄ level of resources increasing in %0.
Pr o o f .(i)8~ .) ( 0 then ~ .0 ) ~ .0;i f~ .0 =0then ~ .0 =0 .L e t~ .(0 such that
~ .0 ( 0.T h e nw eh a v e
,





0) )2 1~ *
0,
0(~ -1 (~ 3
0$&)) = ,
0(~ -1 (~ 3
0$&))
where the ￿rst equality is due to the combination of F.O.C. (9) and (10), the
strict inequality comes from the fact that consumption in the ￿rst period is
strictly less than income. The inequality comes form the fact that 21 ~ *0 • 1.
Since ~ -1is strictly increasing with income and , is strictly concave, it is shown
that ~ 30 ) ~ 3 and by Proposition 4 then ~ .0 ) ~ ..
If ~ .0 =0for ~ .(0, then it follows that ~ .0 ) ~ ..L e t ~ . =0by continuity of
optimal solutions, and the non-negativity constraint it is possible to conclude
that ~ .0 =0 . Finally let ~ . =0such that ~ .0 =0 . Assume not, then
,










26which is a contradiction with the fact that consumption is increasing with
income.
(ii) There exists a level of income • 3 (4$%0) such that for any ~ 3 • • 3 (4$%0)
then ~ .0 =0and for any ~ 3(• 3 (4$%0) then ~ .0 ( 0.I f~ . =0then
,





where the ￿rst inequality is due to the F.O.C. (10) and the ￿rst part of this
proposition. Given factor prices, tax rate and the realization of innate ability,
let be • 3 (4$%0),t h el e v e lo fi n c o m es u c ht h a t
,
0(~ -1(• 3 (4$%





then, for any ~ 3 2 [0$ • 3(4$%0)] it holds that
,





Next step is to prove that ~ .0 (~ 3$4$%0)=0for ~ 3) 2 [0$ • 3 (4$%0)]. Proceeding



















where the ￿rst inequality comes from properties of the optimal solution and
the concavity of utility function, ,, the second inequality is due to the ex-
pression (A.5), while the last inequality comes from the concavity of utility
function, ,. According to the ￿rst order condition (6) the expression above
implies that ~ .0 (~ 3$4$%0)=0 , and this is the desired contradiction.
To prove that ~ .0 (~ 3$4$%0) ( 0 for ~ 3(• 3 (4$%0), assume instead that .0(3$%0)=

















where the ￿rst equality is the ￿rsts order condition (6), while the second
is the de￿nition of • 3 (4$%0) in equation (A.4) and the concavity of utility
function. This is the desired contradiction.
Also consider %0
3 (% 0
8,t h e ns i n c e"12 ( 0,t h e n^ 3(%0
3) ( ^ 3(%0
8)& Q.E.D.
27Proposition 4. Policy function ~ /0 (&$%0$4) is a strictly increasing function;
policy function ~ .0 (&$%0$4) is a non-decreasing function and strictly increasing
when ~ .0 ( 0. (ii) Policy function ~ /0(~ 3$&$4) is a non-decreasing function and
strictly increasing function when ~ .0 ( 0.;p olicy function ~ .0 (~ 3$&$4) is a non-
increasing function and strictly decreasing when ~ .0 ( 0. (iii) Policy function
~ /0 (~ 3$%0$&) is a strictly decreasing function; policy function ~ .0 (~ 3$%0$&) is a
non-increasing function and strictly decreasing when ~ .0 ( 0.
Pr o o f .Di⁄erentiating of the ￿rst order conditions, (??)a n d( ??), eval-
uated in the case of optimal interior optimal solution of non-human transfer,

























J = ¡=4 (3,
00 (-1)) + =*(¡1,
0(-2)+1*/,
00 (-2)) + =3 (4,
00 (-1))
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) 0
Di⁄erentiating the ￿rst order, evaluated in the case of optimal non-interior





















Proposition 5. There exists a set of states „ ; in which the Euler equation






Pr o o f .First we proof that such a set exist. In Proposition 1 we have
shown that there exists a level of income ^ 3) (%)+1) that generates the set „ ; =
f3 • ^ 3) (%)+1):.)+1 (3)$% )+1)=0 , #0 (3)$% )+1) ( 0, % 2 [0$1]g.R e c a l lt h a t
⁄ is the cumulative distribution function of abilities de￿ned on [0$1].T h e n
we de￿ne this transition function as a function of the probability measure of
abilities in the following way:
'(*"+) (5$;)=⁄ <(5)=⁄( f% 2 [0$1] : (#(5)$.(5)$%) 2 ;g)
Now we show that this set receives positive measure under the invariant
distribution 8⁄
(*"+). It su¢ces to show that given any 30 2 ; there ex-
ists a neighborhood L of 50 a n da ni n t e g e rM such that for any 5 2 7,
'=



































Lemma A. Given Assumption 3, for any set ; such that ;\[5=
0 (5)$5 =
1 (5)] 6=
; then '=(5$;) ( 0&
Pr o o f . Using the de￿nition of the transition probability function we
have '=(5$;)=⁄( f% 2 [0$1] : (#(5)$.(5)$%) 2 ;g).




1 (5)], and by assumption, for any %0, %1 such




3¡1)] £ [%0$% 1]) = ­(%1) ¡ ­(%0) ( 0
9We follow the proof of Condition 1 in Loury [13].
29Thus starting with 5 2 [51
0(5)$5 1
1(5)] by iterating '=(5$[#(5=¡1)$.(53¡1)])£
[%0$% 1]] ( 0 for any M, the process will achieve in M steps with strictly
positive probability every subset of [5=
0 (5)$5 =
1 (5)]. Q.E.D.








1 (5) ‚ • 5 when it exists.
Pr o o f . The sequence f5=
0 (5)g is monotonically decreasing since we have




suppose not, then lim
=!15=






















The second statement follows from the fact that 51
1(0) ( 0 and the sequence
f5=
1 (5)g is monotonically increasing, then by continuity there exists an • 5 2 7
such that 5=
1 (5) (5for any 5 • • 5. Therefore, if the limit exists, that is, if
t h es e q u e n c ec o n v e r g e s ,t h e n lim
=!1
5=
1 (5) ‚ • 5. If the limit does not exists,
since the sequence increases, once it achieves a value 5 such that 5=
1 (5) ( • 5
there is no possibility to approach again to value • 5.
Then the set „ ; de￿ned in Proposition 5 can be achieved after M steps of the
process. Then to complete the argument, then we can choose an 50 2 ; and
a neighborhood (an open set) L ‰ „ ; of this point, such that '=(5$L) ( 0
which means that from any point 5 it is possible to go to the set „ ;. Q.E.D.
Proposition 6. Then there is a unique stationary distribution 8⁄ for process
' o nt h em e a s u r a b l es p a c e(7$9(7)) such that for any initial measure 8,
the sequence of functions described in equation (11)s a t i s ￿ e s
lim
)!1j8) (;) ¡ 8
⁄
) (;)j =0 for all ; 2 9(7)
and the convergence is uniform for all sets in 9(7).
Pr o o f .Applying Theorem 11.12 in Stokey et al. (1989) it is su¢cient
to show that Condition M is ful￿lled.
Condition M: There exists an N(0 and an integer O ‚ 1 such that for any
; 2 9(7),e i t h e r'7(5$;) ‚ N or '7(5$;>) ‚ N for all 5 2 7.
30De￿ne e
ﬂ
=m i n f#0 (5)$% )+1$* )+1$+ )+1) 2 *g, „ # =m a x f#0 (5)$% )+1$* )+1$+ )+1) 2
*g and , ﬂ b=m a x f.)+1 (5)$% )+1$* )+1$+ )+1) 2 *g.G i v e n N1$N 2 ( 0, de￿ne
the following sequences:
(i) 51 =( e
ﬂ
$0$0), 52 =( #(51)$.(51)$[N1$1]),..., 5? =( #(5?¡1)$.(5?¡1)$[N1$1]).
This sequence f5?g converges to a 5 =( „ #$„ .$[N1$1]) by Proposition 2.
(ii) 31 =( „ #$„ .$1), 32 =( #(31)$.(31)$[0$N 2]),..., 3? =( #(3?¡1)$.(3?¡1)$[0$N 2]).
This sequence f3?g converges to a 3 =( #=$0$[0$N 2]).
De￿ne also / =( 51 + 31)P210. De￿ne ; = f5 2 7 : 5 • /g and ;> =
f5 2 7 : 5 ‚ /g.F r o m 51 we get the set ; in O1 steps and from 31 we
get the set ;> in O2 steps, choosing O =m a x fO1$O 2g we have that
'7(5$;)=⁄( [ N1$1]) (Nand '7(5$;>)=⁄( [ 0 $N 2]) (N . Q.E.D.
Proposition 7. There exists a set of states ~ ; in which the Euler equation
holds with strictly inequality. Furthermore it has non-null invariant measure,
that is ~ 8⁄( ~ ;)=
R
'(5$ ~ ;)=~ 8⁄ ( 0.
Pr o o f .The proof is equivalent to the one presented in Proposition 5, but
taking into account that now instead of #)+1 (3)$% )+1) education is publicly
provided and it is ~ #)+1. A l s ot h e r ee x i s t st h ee q u i v a l e n tt oL e m m aAa n d
Lemma B.
Lemma A1. Given A3, for any set ; such that ; \ [~ 5=
0 (5)$ ~ 5=
1 (5)] 6= ; then





1 (5) ‚ • 5 when it exists. Q.E.D.
Proposition 8. There is a unique stationary distribution ~ 8⁄ for process ~ '
o nt h em e a s u r a b l es p a c e( ~ 7$9( ~ 7)) such that for any initial measure ~ 8, the
sequence of probability measures ~ 8)+1( ~ ;)=
















ﬂ =0 for all ~ ; 2 9( ~ 7)
and the convergence is uniform for all sets in 9( ~ 7).
Pr o o f . Applying Theorem 11.12 in Stokey et al. (1989) it is su¢-
cient to show that Condition M is ful￿lled. The proof is equivalent to the
10The de￿nition ’ =( (1 + )1)*2 is made
’ =( ( !! +„ !)*2#(0 +„ +)*2#[,1#, 2])
31one presented in Proposition 6, but taking into account that now instead of
#)+1 (3)$% )+1) education is publicly provided and it is ~ #)+1. Q.E.D.
Proposition 13. At stationary solution, given two di⁄erent levels of
innate ability, %3 6= %8,t h e n( i )+!(%3)+.(%3)=+!(%8)+.(%8) and (ii)
if %3 )% 8 then #(%3) )#(%8) and (iii) .(%3) (.(%8).
Pr o o f .(i) The ￿rst order condition for .(%3) and .(%8) are as follows
12,
0 (+!(%3)+.(%3)) = E (1 ¡ ?1 (C$D))
12,
0 (+!(%8)+.(%8)) = E (1 ¡ ?1 (C$D))
Therefore, since net marginal productivity of bequests does not depend on
t h et y p eo fi n d i v i d u a l
12,
0 (+!(%3)+.(%3)) = 12,
0 (+!(%8)+.(%8))
Then, the results follows. Also notice that if +!(%3) ? +!(%8) if and only
if .(%8) ? .(%3).
(QQ) Using ￿rst order conditions of education for each type of individual
21,
0 (+!(%3)+.(%3))"




0 (#(%8)$% 8)=E(1 ¡ ?2 (C$D)"
0 (#(%8)$% 8))
using part (i), ,0 (+!(%3)+.(%3)) = ,0 (+!(%8)+.(%8)) = ,0 (+!(%)+.(%))
(21,
0 (+!(%)+.(%)) + E?2 (C$D))("
0 (#(%3)$% 3) ¡ "
0 (#(%8)$% 8)) = 0
Since ,0 (-) ( 0 and ?2 (C$D) ( 0,t h e n
"
0 (#(%3)$% 3) ¡ "
0 (#(%8)$% 8)=0
By assumption "12 ( 0 and "11 ) 0,t h e ni f%3 )% 8 then #(%3) )#(%8).I f
"
0 ( 0 and "2 ( 0 then !(%3) )!(%8). Then, if total amount of transfers is
equal to everybody,
+!(%8) ¡ +!(%3)=.(%3) ¡ .(%8) ( 0 ) .(%3) (.(%8)
then, individual with more ability receives less transfer as bequests. Q.E.D.
Proposition 11. At any point in time, given prices, the change of educa-
tion regime from private to public education does not generate a more equal
distributed income.
32Pr o o f . It is su¢cient to ￿nd a set of states [@$.] that satis￿es the
following condition:
R )
0 [?1(/) ¡ ?2(/)]=/ ( 0 for all / 2 [@$.]. De￿ne the
set of innate abilities [%min$% min + N],w i t hN(0.W ec h o o s et h em i n i m u m
level of innate ability, that is %min =0 . The reasoning for any % 2 [0$0+N]
proceeds in the same way.
Proposition (1) and (2), imply that there exists a set of parents￿ incomes,
>1 =[ ^ 3(0$41)$3 max]11,s u c ht h a t ,.(5$0) ( 0 and #(5$0) = 0,w i t h5 2 >1.
By Proposition (5) this set exists at the stationary distribution.
Equivalently we de￿ne >2 =[ ^ 3 (1$4)$ ~ 3max], with the property of ~ .(~ 5$0) (
0 with ~ 5 2 >2. By proposition (7) this set also exists in the stationary
distribution.
Choose a set > = >1 \ >2, that is the set of the same individuals. By
assumption !($0) = 0,t h a ti s!(5$0) = ~ !(„ #$0) = 0.
There is a negative income e⁄ect, then by proposition (3), will imply either
.(5$0) ( ~ .(~ 5$0) ( 0,o r.(5$0) ( ~ .(~ 5$0) = 0. In each case children￿s level
of income +!(5$0) + .(5$0) = .(5$0) ( ~ .(~ 5$0) = +~ !(„ #$0) +~ .(~ 5$0).T h e n
the children corresponding to >1 will have less income than the one to >2.
The result still holds if %min is normalized to be any other value. Q.E.D.
Proposition 12. At any point in time, given prices, the reform of the public
education regime, that is the increase on the tax rate, does not generate a
more equal distributed income.
Pr o o f .The proof is similar to the one of the previous proposition. It is
su¢cient to ￿nd a set of states [@$.] that satis￿es
R )
0 [?1(/) ¡ ?2(/)]=/ ( 0 for
all / 2 [@$.]. De￿ne the set of innate abilities [%min$% min+N],w i t hN(0.W e
choose the minimum level of innate ability, that is %min =0 .T h er e a s o n i n g
for any % 2 [0$0+N] proceeds in the same way.
Proposition (1) and (2), imply that there exists a set of parents￿ incomes,
>1 =[ ^ 3 (0$41)$3 max]12, such that, ~ .(~ 5$0$41) ( 0,w i t h5 2 >1.A f t e r t h e
reform, 41 )4 2, de￿ne >2 =[ ^ 3 (0$42)$3 max]13, such that, ~ .(~ 5$0$42) ( 0,
with 5 2 >2. By Proposition (7) these sets exist at the stationary distribution.
Proposition (3) implies a higher threshold level corresponding to higher tax
rate. By assumption, even if 41 )4 2,t h a ti s„ #1 ) „ #2,t h e n!(„ #1$0) =
~ !(„ #2$0) = 0. There is a negative income e⁄ect, will imply (i) ~ .(~ 5$0$41) (
~ .(~ 5$0$42) ( 0, or (ii) ~ .(~ 5$0$41) ( ~ .(~ 5$0$42)=0 . In case (i) children￿s level
11This implication holds even if the support is not bounded.
12This implication holds even if the support is not bounded.
13This is the set if the support is bounded.
33of income +~ !(„ #2$0) + ~ .(~ 5$0$41)=~ .(~ 5$0$41) ( ~ .(~ 5$0$42)=+~ !(„ #2$0) +
~ .(~ 5$0$42). Choose now the same set of parents, that is > = >1 \ >2,t h e n
the positive income e⁄ect implies that children corresponding to >1 will have
less income than the one to >2. The result still holds if %min is normalized to
be any other value.
Q.E.D.
8.1 The example
The explicit forms for optimal solutions under private provision of education








$+1 if 3) ( ^ 3) (%)+1)
/) =
( 2.








(1+.(1+-)) if 3) ( ^ 3) (%)+1)
.)+1 =
(








(1+.+-.) if 3) ( ^ 3) (%)+1)




(2 + 21 + 21)
21
The explicit forms for optimal solutions under public provision of education
are as follows (note that we drop the arguments of the function, to simplify
the notation),






.+1 ~ 3) if ~ 3) • • 3) (%)+1$4)
.(1¡/)(1+-)




~ *$+1(1+.+-.) if ~ 3) ( • 3) (%)+1$4)
~ .)+1 =
(
0 if ~ 3) • • 3) (%)+1$4)
-. ~ *$+1(1¡/)




1+.+-. if ~ 3) ( • 3) (%)+1$4)
34The threshold level of income • 3) (%)+1$4),i sg i v e nb y
• 3) (%)+1$4)=
(1 + 1)+)+1 („ #)%)+1)
1
2



















































































Parents Income at time t





















































Parents Income at time t






























































































Parents Income at time t
Figure 3: Bequest Optimal Function for di⁄erent ! and / under Public Education System










































Parents Income at time t
























Parents Income at time t
Figure 4: Comparative Statics for Optimal Transfers
Lemma 9. Denote ^ 3 as the threshold level of income for the highest in-
nate ability and 3⁄ the maximum level of income if it exists.( i )I f*)+1 ‚
2-.





2(1+.)+-. the support of income is bounded [0$3 ⁄] and 3⁄ ( ^ 3. (iii) If
*)+1 )
-.
.+1+-. the support of income is not bounded.
Pr o o f . Given factor prices, (*)+1$+ )+1), the realization of %)+1,a n d
the level of transfers received, the child￿s level of income can be written as:


















(1+.+-.) if 3) ( ^ 3) (%)+1)
Lower bound of income, set at 0, corresponds to the realization of low ability
and parents level of income low enough. Since income is increasing with
innate ability, the proof of existence of an upper bound of income is made
for the highest level of innate ability.










































































(ii) There exists a level of income which is a ￿xed point. We consider the
￿xed point di⁄erent from zero, that is we consider the highest level of innate
ability.
(a) Determine whether the threshold level ^ 3 is above or below 45, line. If
3) =^ 3, level of income associated is 3)+1 (^ 3)=
+2
$+1!$+1
2*$+1 .T h e n3)+1 (^ 3) ? ^ 3 if
and only if *)+1 ?
2(1+.)+-.
2-. &
(b) If *)+1 )
2(1+.)+-.
2-. , level of income is 3)+1 (^ 3) ) ^ 3. The ￿xed point,






























2-. , level of income is 3)+1 (^ 3)=^ 3. The ￿xed point, denoted
by 3⁄ =^ 3.
If *(
2(1+.)+-.
2-. , level of income is 3)+1 (^ 3) ( ^ 3. Then the ￿xed point exists












Lemma 10. Denote • 3 as the threshold level of income for the highest innate
ability and ~ 3⁄ the maximum level of income if it exists. (i) If *)+1 •
(1+.)
(1¡/)-.





(1¡/)-. the support of income is bounded [0$ ~ 3⁄] and ~ 3⁄ ( • 3) (%)+1$4).
(iii) If *)+1 (
(1+.)
(1¡/)-. the support of income is not bounded.
Pr o o f .Given factor prices, the realization of %)+1, the tax rate and the
level of transfers received, the child￿s level of income, is as follows (arguments





2 ~ 3) • • 3) (%)+1$4)
-.*$+1(1¡/)
1+.+-. ~ 3) + +)+1 (~ #)%)+1)
1
2 -.
1+.+-. ~ 3) ( • 3) (%)+1$4)
Similarly to the previous case, the proof is made in the following steps,
(i) ~ 3)+1 is an increasing continuous function of ~ 3). It is a continuous function
lim
~ 2$•￿ 2$
~ 3)+1 = lim
~ 2$@￿ 2$
3)+1 = +)+1 (~ #)%)+1)
1
2




























(ii) There exists a level of income which is a ￿xed point. We consider the
￿xed point di⁄erent from zero, that is we consider the highest level of innate
ability.
(a) Determine whether the threshold level • 3) is above or below 45, line.
If ~ 3) =• 3), level of income associated is ~ 3)+1 (• 3))=+)+1 (~ #)%)+1)
1
2.T h e n
~ 3)+1 (• 3)) ? • 3) if and only if *)+1 ?
(1+.)
(1¡/)-.&
(b) If *)+1 )
(1+.)
(1¡/)-., level of income is ~ 3)+1 (• 3)) ) • 3). The ￿xed point,





















21*)+1 (1 ¡ 4)
1+1 + 21
) 1





2-. , level of income is 3)+1 (^ 3)=^ 3. The ￿xed point, denoted
by 3⁄ =^ 3.
If *(
(1+.)
(1¡/)-., level of income is ~ 3)+1 (• 3)) ( • 3). Then the ￿xed point exists if




(1 + 1 + 21)
(1 ¡ 4)21
in particular • 3)3 ⁄ =
+$+1(~ %$!$+1)
1
2 -.
1+.+-.(1¡*$+1(1¡/))& Q.E.D..,
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